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ABSTRACT 

We construct new M-theory solutions starting from those that contain 5 U{1) isometries. We 
do this by reducing along one of the 5-torus directions, then T-dualizing via the action of an 
0(4, 4) matrix and lifting back to 11-dimensions. The particular T-duality transformation is a 
sequence of 0(2, 2) transformations embedded in 0(4, 4), where the action of each 0(2, 2) gives 
a Lunin-Maldacena deformation in 10-dimensions. We find general formulas for the metric and 
4- form field of single and multiparameter deformed solutions, when the 4-form of the initial 
1 1-dimensional background has at most one leg along the 5-torus. All the deformation terms 
in the new solutions are given in terms of subdeterminants of a 5 x 5 matrix, which represents 
the metric on the 5-torus. We apply these results to several M-theory backgrounds of the type 
AdSr X X^^^^ . By appropriate choices of the T-duality and reduction directions we obtain 
analogues of beta, dipole and noncommutative deformations. We also provide formulas for 
backgrounds with only 3 or 4 U{1) isometries and study a case, for which our assumption for 
the 4-form field is violated. 
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1 Introduction 

Construction of new M-theory solutions has been an important area of research for a long time. 
The goal of this paper is to generate new M-theory solutions by deforming those that involve five 
U{1) isometries. Our method is a generalization of the Lunin-Maldacena procedure [1], which 
gives the string theory duals of /? deformations of certain field theories. 

P deformations can be applied to U{N) field theories with a ?7(1) x U{1) global symmetry. An 
example is the Leigh-Strassler deformation [2] of the = 4 Super Yang-Mills theory, which 
breaks the supersymmetry to N = 1. The global U{1) x U{1) symmetry of the field theory 
corresponds to a 2-torus in the dual gravity picture. A string theory background with a 2-torus in 
its geometry possesses an 0{2, 2) T-duality symmetry. Strictly speaking, the T-duality symmetry 
of the string theory background is 0(2,2, Z), which transforms the conformal field theory on 
the string world-sheet to an equivalent one. On the other hand, the corresponding supergravity 
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theory has an 0{2, 2, R) solution generating symmetry, which transforms the conformal field 
theory on the world-sheet to an exactly marginal deformation of it (see [3] for a review) . There 
is the well-known isomorphism S0{2, 2, R) ~ SL{2, R)^ x SL{2, R)p, where the first factor acts 
on the complex structure modulus and the second factor acts on the Kahler modulus of the 
2-torus. Lunin and Maldacena (LM) [1] used the latter to generate new Type IIB solutions 
and showed that these solutions correspond to the /3 deformation of the field theory duals of 
the initial gravity solution, when the 2-torus lies in the geometry in a certain way. Later in [4] 
the 0(2,2) matrix whose action generates the deformed solutions was identified by considering 
the way SL{2, R)p sits in 0(2, 2, R). The method of LM works for any 2-torus that lies in the 
background geometry and by different choices one can obtain the duals of noncommutative and 
dipole deformations, as well. Therefore, this procedure provides a unified framework for studying 
different types of deformations. In this paper, we refer to any of these as a LM deformation. 

This idea was generalized to construct new M-theory solutions by deforming M-theory back- 
grounds which involve a Uil)^ isometry in their geometry [1]. To do this, one can reduce along 
one of the coordinates of the 3-torus to obtain a Type IIA solution, use the SL{2, R)p symmetry 
associated with the remaining two legs to generate a new solution in ten dimensions and lift back 
to eleven dimensions. The first eleven dimensional example had already appeared in [1], where 
a j3 deformation of the AdS/^ x 5^ solution was obtained by using a 3-torus lying completely in 
5^. Later, (3 deformations of backgrounds of the type AdS^ x M7, where M7 is a 7-dimensional 
Sasaki-Einstein manifold [5]- [11] were performed in [12] and [13]. Deformations of the mem- 
brane [14] and five-brane [15] solutions of the D=ll supergravity [16] and their near horizon 
geometries were obtained in [17], where in addition to the /? deformations, dipole and non- 
commutative deformations were considered, as well. Recently, /9 deformations of AdS4^ x S'^/Z^ 
were studied in [18]. All these are single parameter deformations. All the backgrounds that 
have been considered so far have a common feature: they all involve more than three (in fact, 
five) U{1) isometries, allowing a generalization of the LM procedure. In this paper, we study 
this generalization, and hence construct new deformations involving one and more parameters. 
Multiparameter deformations of ten dimensional string backgrounds were first studied in [19]. 

Our method will be as follows. For a general eleven dimensional background with n > 3 U{1) 
isometries, we start by reducing along one of the legs of the n-torus associated with these, thereby 
obtaining a IIA solution with an 0(n — 1, n — 1) solution generating symmetry. We deform this 
solution through the action of an 0(n — l,n — 1) matrix and lift back to eleven dimensions. 
Here, a crucial (but not restrictive for the examples that are of interest to us) assumption is 
that this n-torus should be decoupled from the rest of the geometry. The particular T-duality 
transformation we use is a sequence of 0(2,2) transformations embedded in 0{n — l,n — 1), 
where the action of each 0(2, 2) gives a LM deformation. Our procedure allows up to n!/6(n— 3)! 
parameters, which corresponds to the number of ways one can choose 3-dimensional subtori from 
the n-torus. When we present our method in the next section, we choose n = 5, and show that 
the deformed solutions are of a universal form and all the terms depending on the deformation 
parameter can be written in terms of subdeterminants of a 5 x 5 matrix, representing the metric 
on the 5-torus. The choice n = 5 is preferred basically for two reasons. Firstly, all the examples 
that are of interest to us have 5 U{1) isometries. Secondly, the general formulas obtained in this 
case also includes the n = 3 and n = 4 cases, after an additional assumption. 

A one-parameter deformation obtained with our method (which is the only possibility when 
n = 3) corresponds to a choice of a 3-dimensional subtorus of the 5-torus in the geometry and 
gives an ordinary LM deformation in 11 dimensions. However, even in this simplest case, our 
method has the virtue of providing general formulas, which make the calculations much easier. 
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The real novelty arises when n > 3, which allows the introduction of more than one deformation 
parameters. We illustrate our method through several examples, all of which are of the form 
AdSr X X^^~'^ motivated, of course by the AdS/CFT correspondence [20, 21, 22]. Choosing the 
3-torus to lie completely in the compact part, completely in the noncompact part or partly in 
the compact and partly in the noncompact part of the geometry correspond to the analogues 
of the duals of (3, noncommutative and dipole deformations in string theory, respectively. We 
also introduce "mixed deformations", which are multiparameter deformations involving several 
3-tori, where each 3-torus gives rise to a different type of deformation. 

The organization of our paper is as follows. In the next section we describe our method for the 
simpler case of one parameter deformations. We start by imposing rather mild conditions on 
the 4-form and the metric of a given 11 dimensional background and derive general formulas 
for the deformed 4-form (25) and the metric (29). Then we apply these to the backgrounds 
AdS^x (Sasaki-Einstein) 7 (with base CP"^) [6] and AdS^ x 5^ in subsections 2.1 and 2.2. In 
subsection 2.3 we explain, through the AdS'j x example, how our method should be modified, 
when our assumption for the 4-form does not hold. In section 3, we generalize our discussion 
to the multiparameter case. After giving general formulas for the deformed metric (92) and 
the 4-form (95), we obtain the 3-paramctcr /?, dipole and mixed deformations of the AdSj^x 
(Sasaki-Einstein) 7 (with base 5^ x 5^) solution [6]. We conclude with some comments and 
future directions in section 4. Appendices contain proofs of two equations which are used in 
deriving the general formulas and necessary subdeterminants for section 3. 

2 One Parameter Deformations 

In this section we obtain the 1-parameter LM deformation of a general eleven dimensional 
background with three or more isometrics. Before we start, let us fix our notation. Throughout 
the paper the hatted fields refer to eleven dimensional fields, whereas fields without hats are 
in ten dimensions. We use tilde for fields after deformation in ten or eleven dimensions. Our 
index conventions arc such that (unless otherwise indicated) M,N run from 1 to 11, the indices 
m,n,p,q,r count the five isometry directions, running from 1 to 5, whereas ^,1/ count the 
remaining coordinates from 6 to 11. We also have that i,j,k,l G {1, 2, 3, 4} and a,b,c € {1,2,3}. 
For a general matrix A, A{i \ j) denotes the matrix obtained from A by deleting the zth column 
and jth row. Similarly, A{a,b \ is the matrix obtained from A by deleting columns a,b 
and rows Note that when A is symmetric detA{i \ j) = detA{j \ i) and detA{a,b \ = 
detA{i,j I a,b). 

Before focusing on eleven dimensional backgrounds, let us review the LM deformations in ten 
dimensions, where our approach will be that of [4]. LM deformations can be applied to back- 
grounds with two ^(1) isometrics. Let us label the coordinates such that these isometrics have 
Killing vectors d/dx^, d/dx^. Suppose that and/or couple to d — 2 other coordinates, 
which we label . Then the deformed solution can be expressed in a simple way using 

the so called background matrix defined as: 

E = gij + Bij, ij = !,■■■ ,d (1) 

where g and B are the matrices with entries gij, and Bij. Here, gij and Bij are the components 
of the metric and the B-field of the background, respectively. It was shown in [4] that the 
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deformed solutions can be obtained via the action of the fohowing 0{d, d) matrix: 

where 1^ and 0^ are the dx d identity and null matrices, respectively and r,^ is the dx d matrix 
of the form 

/ -7 • ■ ■ \ 
7 •■■ 
•■■ 



(3) 



V ••• / 

7 is a real constant. Here, the solution generating symmetry is 0(2, 2). However, the associated 
T-duality matrix has to be embedded in 0{d,d), due to the coupling of and/or x"^ with 
the coordinates x'^ , • • • , x'' [23] . 

The transformation of the background matrix and the dilaton under the action of the above 
0{d,d) transformation is [23]: 



e 



2cf> 



det(r,S+l,)' 

E — > E = {aE + h){cE + d)-'^ = E{VdE + ld)~^ . (5) 

The other g and B components of the background do not get any additive 7 corrections. 

The Ramond-Ramond fields transform in the spinorial representation of 0((i, d). One can show 
that their transformation under the particular 0{d, d) element (2) can be found through the 
action of the operator (see [24, 25, 26, 27] for details) 

T = exp[^(r<i)^„i^i„], (6) 

where im is contraction with respect to the isometry direction d/dx^ , im = id/dx^- The operator 
T acts on F, which is defined as 

F^e-^Y.Fp, (7) 
p=i 

where Fp's are the p-form field strengths with p even in type HA and odd in type HB theory. Fp 
for p > 5 is defined via its Hodge dual as Fio-p = (— 1)'^2~1 * Fp^ where is the first integer 
greater than or equal to [28]. Using (6) and (3) we have 

9 9 
Y,Fp^e-'' = {l-^ili2){Y,Fp^e-''), (8) 
p=i p=i 

where Fp and B are fields after the deformation. Then it follows that the transformation rule 
for the 4-form and 2-form fields F4 and F2 in Type HA theory are [18, 4]: 

F2 — > F2 = F2 - jiii2{F4 - F2 A B) (9) 
F4 — > F4 = F^-F2AB-jiii2{FQ-F4AB + ^F2ABAB) + F2AB. 
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After this brief review of the method used in [4] to obtain the LM deformations, let us describe 
our method to deform a given eleven dimensional background with three or more commuting 
isometrics. Wc start by singling out a 3-torus associated with three of these isometries. Then 
we reduce to ten dimensions along one of the directions of the 3-torus. We obtain a new solution 
in ten dimensions by the action of the T-duality matrix (2), corresponding to the remaining two 
isometries. Lifting back to eleven dimensions, we obtain the deformed M-theory backgrounds. 
We make the following two assumptions on the given 11-dimensional solution: 

{i) Its metric contains n>3 commuting isometries, which decouple from other coordinates. 

{a) Its 4-form field strength has at most one leg along these n directions. 

We start by taking n = 5 for convenience, as this will allow us to discuss different types of 
deformations simultaneously. Moreover, this is not a strong restriction, since many widely 
studied M-theory backgrounds have this property, as we will see. However, let us remark that 
we don't need all these 5 directions to correspond to U{1) isometries, only 3 will be enough 
to obtain a single parameter deformation with our method. The remaining two can be any 
directions that couple to the deformation 3-torus in the metric. The cases in which there are no 
such couplings or the background does not contain five U (1) isometries will be considered at the 
end of this section. The second assumption above is required in order to give general formulas 
for the deformation of the 4-form field, as we explain below. Our formulas will be valid for any 
given eleven dimensional background meeting these two conditions. We will discuss how our 
method works, when the second assumption is violated through an example in subsection 2.3. 

The standard ansatz for reducing a given D = 11 background to 10 dimensions is 

dsli=gMNdx^dx^ = e-^/^'f'dslo, + e'^/^'^{dz + Af M,N = !,■■■, 11 (10) 

Here z is the coordinate along which we are reducing, A is a one-form and (p is the dilaton. The 
subscript s refers to the fact that the ten dimensional metric is in the string frame. 

We label the five U{1) coordinates . Our first assumption implies that the initial 

eleven dimensional metrics will be such that gm^i = for all m = 1, • • • , 5 /x = 6, • • • , 11, that 
is, these 5 isometry directions in the geometry is separated from the transverse part to it. Then, 
choosing one of the isometry coordinates as the coordinate z along which we reduce, the eleven 
dimensional metric using the reduction ansatz (10) takes the form 

^^11 = g^udx^dx^ + g^nndx^dx^, 

= e-^/^'t>{g^^dxi'dx'' + gijdx'dx^) + e^'^'t'{dz + Ai{xi')dx'f, (11) 

where m, n = 1, • • • , 5, ;U, = 6, • • • , 11, i, j = 1, ■ • • , 4. Note that we have labeled x^ = z. One 
can easily see that the fields with and without hats are related as 

~ G ^ g^u — \/ 9zz 9ixv 
9ij = e^^^'^gij = g~]^/'^{gijgzz - 9iz9jz), (12) 
where we have used e^^^'^ = gzz and Ai = giz/gzz- 

The ansatz for the reduction of the 3-form field in eleven dimensions is as follows 

^(x^, z) = Csix^") + Bix") A dz. (13) 

Differentiating both sides we find the ansatz for the reduction of the eleven dimensional 4-form 
field strength F4 = dC^. A convenient way of writing it is (see e.g. [29]) 

F4 = F4 + F3A{dz + A), (14) 
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where 



F4 = dCs -dB AA, F3 = dB. 



(15) 



After dimensional reduction to Z? = 10, the next step is to perform the deformation along two 
of the isometry coordinates which we label as and as above. Then the 3-torus that we 
use to generate a new solution has coordinates {x^,x^,x^}. Because of our first assumption we 

have g^i = for alH = 1, • • • , 4 and /i = 6, • • • , 11. Moreover, looking at the ansatz (15) we see 
that our assumption on F4 implies that Bij = Bi^ = 0. Thus we have d = 4 in (2). ^ Also note 
that background matrix (1) E symmetric, that \s E = gij. From (5), (2), (3) and (4) we get 

gfMi^ = Qixv, /X, = 6, • • • , 11 

Qixi = 9fii = 0, i = 1,2,3, A 

9wi = Ggwi, w = l,2 

934 = G934 + Gj'^detg{3\4.) 

933 = Gg33 + Gj^detg{4 | 4) 

544 = Ggu + G-f''detg{3\3) (16) 

-B^i/ = Bfj,„, fi,v = 6, ■ ■ ■ ,11 

B^i = B^i = 0, z = l,2,3,4 (17) 

Bij = \Gii^ detg{k,l\3,A), i,j,k,l e {1,2,3,4} 

k,l^i,j; k^l 

where we have defined 

G = dei{Vag + ld)-^ = [l+i''detg{3,A \ 3,A)]-\ (19) 
Here g is the 4x4 matrix with entries gij and our convention for the B-field is such that 

B = ]^Bijdx^ Adx\ 7, J= 1, ...,10, (20) 

and e^^ is an antisymmetric tensor with e^^ = 1 for 7 < J. As can be seen from (13), the lifting 
of Bij to D = 11 brings the contribution B A dz to the 3- form field in the deformed D = 11 
background, which is linear in the deformation parameter 7. An extra contribution comes from 
the lifting of the deformed 3-form field C3 in D = 10. Remember that because of our condition 
on F4 we have B^j = Bif^ = 0. Also note that F2 = dA = d{Ai{x^)dx'') can have at most one 
component along the isometry coordinates. Then all contraction terms in (9) are zero except 
the 7ZiZ2-f6 = 7^i^2 *io -^4 term. Thus, 

F2 = F2 (21) 
F4 = F4-F2AB- -11112 ■kioF4 + F2AB = F4- -11112 ■kioF4 + F2AB\\ (22) 

where in the last line we have decomposed the deformed B-field into its part along the 
isometry directions and the part B-^ transverse to the isometry directions 

^ = ^11 + ^^ = ^11 + 5. (23) 



^It might happen that one or two of the remaining isomotries {a;^,a;*} have no couphngs with and , in 
which case it would be enough to choose d = 2 or d = 3, respectively. However, we prefer to consider the most 
general case with d = 4, as the others can be studied within this formalism. 
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Substituting F4 and B in (14), we find the deformed 4-form field F4 in eleven dimensions: 

F4 = F4 - -/iii2 *io F4 + F2 A B^^ +d{B\^+B) A {dz + A) 

= F4--fiii2*ioF4 + d[B\\ A{dz + A)], (24) 

where the Hodge star is taken in ten dimensions with respect to the undeformed metric. We 
also use the fact that A = A, as it follows from (21). This formula can be written in terms of 
the eleven dimensional fields as (see Appendix A for the proof): 

h r • ■ • P , ^ 10 ..e'^'^^dxru Adxn Adxp\ 

F4 = F4 - jiii2iz *ii F4 + -d\G 2^ detg{q, r \ 3, 4) , (25) 

where m, n,p, q,r G {1, 2, 3,4, z = 5} and g is the 5x5 torus-matrix with entries gmn and wc used 
{x^,x^,x^} directions for the deformation. The Hodge dual *ii is taken in the 11-dimensional 
space, with respect to the undeformed metric. Also e"*"^ = 1 when m < n < p and it is totally 
antisymmetric in its indices. 

Now in order to lift the ten dimensional deformed metric back to eleven dimensions we have to 
substitute (16) in the reduction ansatz (10). As a result we have 

dsn = e-'^/^^gf.^dx^'dx'' + e^/^^dz + Af, (26) 

where we have used A = A. Using (18) and (16) together with (11), (12) and the fact that 
g4/3</) _ ^^^^ pg^j-^ write the deformed eleven dimensional metric (26) as: 

dsii = G-^/^e-'^/^'^[Ggijdx'dx^ + g^^dxf'dx" + Gj'^{detg{4: \ 4)dx^dx^ 
+detg{3 \ 4:)dx^dx^ + detg{3 \ 3)dx'^dx'^)] + G'^l^e^'^'t'{dz + Af 
= G-^/^g^.^dx^'dx'' + G'^/^^ndx"'dx'' (27) 
+G'^/^j'^g-}/^[detg{4 \ A)dx^dx^ + detg{3 \ 4)dx^dx'^ + detg{3 \ 3)dx'^dx% 

Now using the following facts (see Appendix B for the proof) 

9zz^^[detg{i \ j)] = detg{i \ j), 

detg{i,j\k,l)=detg{i,j\k,l), i,j = 1,2,3,4 (28) 

we can write the metric in (27) completely in terms of the eleven dimensional fields: 

dsji = G-^/^g^^dx^'dx'' + G'^/^gmndx'^dx'^ (29) 
+G^/^7^[det^(4 I 4)dx^dx^ + detg{3 \ 4)dx^dx'^ + detg{3 \ 3)da;^dx^]. 

Using (28) in (19), G can be expressed as 

G =[l + j^detg{3,4\3,A)]-^ . (30) 

As we see, our new solution is expressed in terms of the original one and subdeterminants of the 
torus matrix g. Hence, there is no need anymore to refer to Z? = 10 or details of the derivation. 
Note that we have additive correction terms to ds^^ only along the isometry coordinates, which 
are not involved in the deformation process namely along x^ and x^. Also the correction terms 
detgir \ s), r, s = 3, 4 are invariant under the relabeling of the indices {1, 2, 5}. If we interchange 
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the indices 1 <-> 2, 1 <-> 5, or 2 ^ 5 in the matrix g(r \ s), the resulting matrix wih have the 
same determinant as one can pass from one to the other by equal number of row and column 
interchanges. It is also easy to see that the correction terms coming to the deformed 4-form 
field F4 in (25) arc invariant under the relabeling of the indices 1^2, 1 ^ 5, or 2 ^ 5.^ 
Consequently, once we fix the deformation 3-torus with coordinates {x^, x^, z = x^}, it does not 
make a difference as to how we choose the reduction and the T-duality coordinates; the resulting 
deformed metric dsf^ and the deformed 4-form field F4 will always be the same. 

In deriving our main equations (25), (29) and (30), we assumed the existence of five U{1) 
isometrics. However, let us emphasize that these formulas are also valid if and are not 
U{1) directions but just some coordinates that mix with the deformation 3-torus {x^ , x'^ , x^} in 
the metric. If there are no such couplings or if the the original background has only three or 
four f/(l) isometrics, then our formulas can easily be modified. The case when the background 
has only four commuting isometrics that decouples from the rest can be regarded as a special 
case for our general method, in which x^ (or x^) does not mix with the remaining isometry 
coordinates. When x^ does not mix, we have detg{3 \ 3) = gudetg{3,4 | 3, 4), as a result of 
which the coefficient of dx^dx^ in the metric (29) becomes G~^/^g44. Also detg{3 \ 4) vanishes, 
so that the only additional term in the deformed metric is to the term dx^dx^. This happens 
frequently in the examples below, for instance in /3 deformations when x^ is the AdS^ isometry 
direction. Now the general formulas become: 

TP ••• T? > ^ ( \^ ^ .-^^ c""">dx,„ /\d.r„Adx, 
F4 = F4-'yiii2izMiF4 + 'yd\G ^ detg{q \ i) - 

\ q^m,n,p 

dsji = G-^^^g/.^^dx^dx" + G'^^^gmndx'^dx'' + G^/^j'^detgdx^dx^ , (31) 
G = [1 + 72**^(3 I 3)]-\ 

where g is the 4x4 matrix with entries gmn, m,n = {1, 2, 3, 5}. Here x^ is not necessarily a U (1) 
direction, and if so this would be the result with n = 3 where the deformation 3-torus directions 
have couplings with x^. Similarly, backgrounds with 3 commuting decoupled isometrics can 
be regarded as a special case, for which both x^ and x^ do not mix with the 3 remaining 
isometry coordinates. Let g denote the 3x3 torus matrix that corresponds to the remaining 
C/(l) directions {x-*^, x^, x^}. Then, we have 

F4 = F4 — 'yiii2iz Ml F^ + "yd {Gdetg dxi A dx2 A dx^) , 
dsl^ = G-^'^g^^^dx^dx"" + G'^'^gmndx'^dx'^ , (32) 
G = [l + ^^detg\-\ 

where m, n ={1, 2, 5}. 

Now we apply our results to some examples. In some of them (such as the one in the next 
subsection) one or two of the unused isometry directions {.t'^,x^} have no coupling with the 
deformation directions {x^, x^, x^}. As we have just explained above, in such cases it is possible 
to work with 4 x 4 or 3 x 3 torus matrices. However, to make our presentation more coherent 
we will always take the background matrices as 5 x 5. 



^More precisely, F4 will remain the same under cyclic permutations of these three coordinates but 7 terms 
will pick up an overall -1 sign otherwise. However, this sign change can be eliminated by changing the orientation 

of the 5-torus or sending 7 — > —7. 
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2.1 Example 1: AdS^ x (Sasaki-Einsteinjy (with base CP^) 

In this subsection we wih consider the /? and dipole deformations of the background 

AdS4 X Y7 

where I7 is the seven dimensional Sasaki-Einstein space found recently by [6] with base CP^. 
Although, its P deformation was already obtained in [13], we will begin with that example to 
illustrate our method. 

For this background our 11-dimensional metric and the 4- form field are 

dsj^ = ds\^g^ + ds^^ , F4 = 6vol{AdS4) (33) 
where AdS^ and Yj metrics are given after suitable scalings as 

ds\as, = -(1 + r'')de + + r\dxl + sin^ xidxl) , (34) 

and 

dSy^ = U-'^dp'^ + 3/9^ + M2#2 - [Atl#l + A*2#2]^ + ^/^^ ^ 

+q{d^ + hf + uj[da + f{di, + h)f . (35) 

Here C/, g, uj, f arc some functions of p (for details see [13]), ji = 3(^f + /i2(i</>2) and J2i=i /^l = 
1. The C/(l) isometries of this background correspond to Killing vectors {d(f,^,d^^,d-^^,da-,d^), 
where the last one is the R-symmetry direction.^ 



2.1.1 P Deformations 



Let us label the 5-torus directions (d^-^,dfp^,d,^,d^.^,da) as {x^ , x^} respectively. That means 
that we choose our 3-torus for the deformation as (^1,^2,0;) and therefore avoid using the R- 
symmetry in the deformation process. The reduction direction is z = a. Then, the 5-torus 
matrix is 



/ QfifS + 3pV?(l - 1^1) 3/xf/xi(3<5 - p2) 

9/xt5 + 3pVi(l-/xi) 



V 



3/46 
MS 
S 







9 • 2 

r sm xi 



3/W//2 ^^ 





where 5 = (g + w/^) and ^ is a symmetric matrix. The nonzero subdeterminants are 



(iet^(4 I 4) 
detg{3 \ 3) 
detg{3,4: \ 3,4) 
detgi4,5 \ 3,4) 
detgilA \ 3,4) 



9p'^qujplplpl , 

9plp2P^ajr^ sin^ Xi [p^p^ + 3q{pl + /i^)] , 
9pIpIp^uj[pIp^ + 3g(M? + pI)] , 

n 2 2 2 4 f 

-9plplp^ujq = -detg{2, 4 | 3, 4) . 



(36) 



(37) 



^AdSi has a further isometry which corresponds to the shift of the time coordinate. However, we are not going 
to use this isometry. 
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Then, the eleven dimensional deformed metric from (29) is 

3 
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= G-'/'[ds\,s, + U-V + E ^M?] + G'/^J^9^^l^l^^lp'^qd^p' (38) 

1=1 



where 



= 1 + 7' {9^^l^^lpM^^lp'' + 35(m? + pI)]) . (39) 
In writing the metric we used the fact that detg{3 | 3) = g44detg{3,4: | 3,4). 
The Hodge dual of the 4-form field is 

*uF4 = 54p^(^)^/^/ii/X2\/l + Pi + pldp A d(f)i A d(t)2 A d/xi A dp2 /\ dtp Ada (40) 
Then using (25) we find the deformed 4-form field F4 as 



F4 = F4 - 547p^(^)i/Vi/"2\/ 1 + pI + pldp A dpi A dp2 A dV' 



+7d{9G/uf;U2P^[(^3P + 3g(Mi + M2))#i A #2 A da + g(#i - #2) A dtp A da 
+^ipV#i Ad02 Ad^]}. (41) 

These agree with the results of [13] and here we have the additive correction term in the metric 
(38), that is G'^/'^'y'^9piP2plp'^ioqdtjj'^ , written explicitly. 



2.1.2 Dipole Deformations 

Now we apply our method to obtain dipole deformations of the above background (33). The 
necessary torus matrix is obtained from (36) by interchanging its rows and columns in the order 
4 5, 3 <-> 4 which gives the following symmetric matrix 



Sfivpj 



3pl6 



( 9pi6 + 3pV?(l - pD 3pIpI{35 - p2) 

9pl6 + 3p^plil-pl) Sfiopl 3pl6 










V 



(42) 



2 • 2 
r sin xi / 



Here = 0i,a3^ = (1)2, = q;,x^ = tp,x^ = X2- So, the deformation 3-torus is {(f)i,<^2,X2} and 
again we don't use the R-symmetry . The relevant nonzero subdeterminants are 

detg{A \ 4) = 9p'iplp'^u;r'^ sin^ xi [pIp"^ + Ml^'l + P2)] , 

detg{3 \ 4) = 9plplplp'^ujfr^ sin^ xi , 

det^(3|3) = 9pjp,lplp\q + ujfysin''xi, 

dei5(3,4|3,4) = 9plplp^[3{q + cof){pl+pl) + p''piysin''xi, (43) 

detg{l, 4 I 3, 4) = -9plplp^iofr^ sin^ xi = -detg{2, 4 | 3, 4) , 

detg{l, 3 I 3, 4) = -9plplp'^{q + ufy siv? xi = -detg{2, 3 | 3, 4) . 
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Then the deformed metric from (29) is 

3 



^2/2 1-2 , ,,2 1-2 r,,2ji I ,,27, i2\ , , • \2 , , ,r i„ , fijJ. < A m2i 



+ 3/ (Mf#f + Ai2#2 - Mdcpi + /^2#2]'j + + Ji) + '-'[da + f{dil)+ji) 
+ /xip2(g + a;/2)dV''] (44) 



where 



= 1 + 7' (9/x2/xip2[3(g + ^/2)(^2 ^ ^2) ^ ^2^2]^2 gi^2 



(45) 



Using (25) we find the deformed 4-form field F4 as 

F4 = F4 + 7c^{9GAf?;uipVsin2xi[(3(g + w/2)(/i2 + ^2)+p2^2^d0i A#2Adx2 

+a;/(#i - #2) A da A dx2 + {q + cof ){d(t)i - #2) A dV' A dx2]}- (46) 



2.2 Example 2: AdS7 x 5^ 

Our next background is AdSj x 5^. Noncommutative and dipole deformations of the M5-brane 
solution were studied in [17], where the near horizon limits was also explained. Here we directly 
start from the AdSj x S"^ geometry and use a metric parametrization different from [17]. This 
background can be written as (after suitable rescalings): 



ds2 ^ _(i + ^2-)^^2 ^ ^ ^2^^2 ^ ^j^^ 



l + r2 



(47) 



where spheres are parametrized as 



dnl = da^ + (g{d(t)3 - d(l)2f + sllde"^ + cos^ 0(d(^3 + #1 + #2)^ + sin2 ^(#3 - d(j)if] 



d^l = dxl + cos^ Xidxl + sin^ Xi [f^xi + sin^ Xsc^xl] 
U{1) directions are {^!!>i, ^2, ^3} and {x2!X4}- The 4-form field strength is given as 

F4 = vol{9,4) = cosxi sin^ Xi sinxs^Xi A 'iX2 A dxs A dx4- 
In finding the deformed 4-form field in cloven dimensions we use the following orientation 



★11F4 = vol{AdS7) 



r cos a sin a cos 9 sin 9 



dt Adr Ada Ad9 A d(f>i A d(f>2 A c/^a. 



(48) 

(49) 

(50) 



2.2.1 Noncommutative Deformations 

We perform a noncommutative deformation by choosing all the isometrics from the AdS^ part: 
= (1)1, = (f)2,x^ = z = (f)^. We also label x^ = X2,x^ = X4- Then the torus matrix is 
(sq = sin a, Cq = cos a and sg = sin9, eg = cos 9) 

( r'^sl r'^slcos'^9 cos 2(9 \ 

r'^{cl + sices'^ 9) r^(-4 + 4 cos^ 61) 



cos" Xi 





sin^ Xi sin^ xs 








(51) 
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which is symmetric. The relevant nonzero subdeterminants are 



detg{4:\4:) = Acos^xi, (52) 
detg{3 | 3) = A sin^ xi sin^ X3 , 

The deformed metric is found from (29) as 

dsj^ = G-^/^[-{l + r^)dt'^ + ^^ + r^ida^+sm^ade^)+dn4] (53) 
+ G^/3[cos2 a(#3 - #2)^ + sin^ a(cos^ 9{d(l)3 + dcj)! + d4>2f + sin^ 9{d(f>3 - d(f>i)% 

where 

G-^ = 1+ 72A. (54) 

Note that having detg{3 \ 3) = g44detg{3,4 \ 3,4) and detg{4 \ 4) = ^33^6*5(3,4 | 3,4) has 
simphfied our results, as we discussed earlier. On the other hand, using (25) the deformed 
4-form field is found to be 

F4 = F4 + ^!!!£^£l£^dt AdrAdaAde + -fd ( — ^^#1 A #2 A #3! • (55) 
3 Vl + 7 A / 



2.2.2 Type I Dipole Deformations 

As noted in [17] there are two different ways to do the dipole deformations of AdSj x 5^. 
The first option is to choose two isometries from the AdS part and one isometry from the S"^ 
part and the second option is to choose two isometries from the 6"^ and one from the AdS^. 
Following the terminology introduced in [17] we call them Type I and Type II deformations, 
respectively. In this subsection we will consider only the Type I case and leave discussion of 
the other to the subsection 2.3. The Type I case is in agreement with our assumption on 
and hence we can use our general formulas (24) and (29). For example, labeling directions as 
= (f>i,x^ = (f>2,x^ = 4>ZiX^ = X2'>x^ = X4 the torus matrix is (sq, = sin a, Cq, = cos a and 
S0 = sin0, C0 = cos 9): 



r^s'^ cos^ 6 r^s'^ cos 29 

^^(ca + 4cos^^) r'^{-cl + si cos'^ 9) 

^2 







cos^ Xi 

sin^Xisin^Xs / 



(56) 



The relevant nonzero subdeterminants are 



detg{4: \ 4) 
detg{3 \ 3) 

detg{3,4: | 3,4) 
detg{lA I 3,4) 
detg{2,4 \ 3,4) 



Q'-^^^SeCesin^Xi sin2x3, 

4-2 -2 2 2^2,22 2\ 

r sm XlSm X3 cos Xl^aiCa + ^aCeSe) 

4-2 -2 2/2, 22 2\_A 
r sm Xl sm XSSaiCa + SaCeSg) = A , 



4: ■ 2 ■ Z 2 r lilt 

r sm xism X3Sa[-c„(ce + C20) + So^c^s^J , 

4-2 -2 2/ 2in22 2\ 
T sm XlSm X3Sa(-Ca + 2SaCeS0)- 



(57) 
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Then the deformed metric using (29) is 
dsli = G-^/^[-{l + r^)dt^ + - — ^+r^{da'^ + sm^ a d9^)+dn4] (58) 

+G2/3[(,og2 ^^^^g _ ^^^)2 ^ gj^2 ^(pQg2 ^^^^^ ^ ^ ^^^)2 ^ gj^2 ^(^^^ _ cl(f>^f^] 

sin^ XI sin^ X3[A dxl + 9r^44.2,2 ^^2]^ (59) 

where 

= 1 + 72A. (60) 

Again we have used the fact that detg{3 \ 3) = g44^detg{3, 4 | 3, 4) and the identity G^/^ — G^^/^ = 
G^/^7^A. Meanwhile, the deformed 4-form field from (25) is 

F4 = F4 + 7ci[Gr^sin2xisin^X34((Ca + 4ceSe))#i A#2 Adx4 (61) 
+((-Ca(ce + C2e) + sl4sl))dct)2 A #3 A dx4 + (("4 + 24c^s^))#i A #3 A dx4]. 



2.3 An Exceptional Ceise: Type II Dipole Deformations of AdSj x 

Until now we have discussed 1-parameter deformations, with the assumption that F4 has at 
most one leg along the isometry directions. In this section, we illustrate how our method works, 
when this assumption does not hold. We do this by considering the dipole deformation of the 
AdSj X S"^ example (47) where the 3-torus associated with the deformation has coordinates 
{01jX2;X4}- At first sight, there seems to be two options to perform the deformation, which 
might yield different results. One possibility is to start by reducing along an coordinate (x2 
or X4)- This gives rise to a B-field in ten dimensions, which has a component along the remaining 
iS^ isometry coordinate. Therefore the background matrix (1) is not symmetric anymore. On 
the other hand, reducing along the ^^54 coordinate (pi, one ends up with no B-field in ten 
dimensions and the background matrix is still symmetric. As a result, the transformation of the 
background matrices under T-duality will give results of different forms. In fact, each step of 
dimensional reduction, T-duality and lifting, works differently for these two options. In what 
follows, we analyze these steps separately for each case and reach the (nontrivial but expected) 
result that both choices yield the same deformed solution up to a sign in 7 terms. 

Suppose that we reduce along one of the isometry directions of S^, say X2- Then, we generate 
a B-field in 10 dimensions, which has one leg along the isometry direction X4: ^xiXi 7^ or 
^X3X4 7^ 0- Thus, we cannot apply the general formulas we derived before and have to analyze 
the reduction, T-duality, lifting process again. After reducing along X2, the ten dimensional 
metric in the string frame becomes: 

1 dr'^ 
dslo . = -(1 + r^)dt^ + —-^ + r^dnl + dxl + sin' Xi[dxl + sin' Xsdxl] , (62) 

cos Xl 1 ~\~ T 

where we used the fact that ^4 = and e^/^"^ = cos^ Xi • 

Using (14) and (15) the reduction of the 4-form field (49) gives 

F4 = 0, Fs=dB = cos Xl sin^ Xi sin Xs^Xi A dxs A dx4 , (63) 
in ten dimensions. We choose our gauge such that^ 

5 = ^ sin^ Xl sin X3C?X3 A c?X4 + ^ cos xi sin^ Xi cos X3C^Xi A dx4- (64) 
''This choice ensures that the B-field is independent of the T-duahty coordinate X4, which is essential. 
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Now our background matrix (1) is 6 x 6 and given as 



E = cos xi 



sin^ xi sin^ X3 



V 



cos XI 
COS XI 



r^sl 










2„2 ^2 



„2 ^2^ 











^X1X4 


^X3X4 


\ 


COS XI 


COS XI 




r^s^ cos 29 

































1 













sin^ Xi 


/ 



(65) 



in which the dotted entries are filled out by using the fact that the first 4 columns and rows 
form a symmetric 4x4 matrix. Here we have labeled our coordinates such that = X4,x^ = 
(f)i,x^ = (/>2, = (1)3, = xi,x^ = X3- Then we find: 



9^lu 

9wi 

gib 

933 

gu 
gst 

and 



g^u, 1^,1^ e {r,t,e,a} 

Ggwi, w = l,2, z = 1,2,3,4 

-jGBi5gi2 

-^GBiGgi2 

G[g33 + 7^detE(4, 5, 6 | 4, 5, 6)] = G[g33 + ^^Ar'^ cos Xi{cos^ « + ^ sin^ a sin^ 26')] 



G[g34 + 7^det£'(3, 5, 6 | 4, 5, 6)] = ^[534 + 7^Ar^ cos xi(~ cos^ ^ ~^ 2 

G[g44 + j^detE{3, 5, 6 | 3, 5, 6)] = G[g44 + 7^ Ar^ cos xi (cos^ a + sin^ a sin^ 26')] 



= gst + G-i^BisBug22 = Ggst + G-f'^{Agst + -615^1*522), s, t = 5, 6 



Bij = G-f{giig2j - gi2gij), i,j = 1,2,3,4 

Bu = GBu, s = 5,6 

B2s = 0, 

-Bss = Gj^ Bis{gi2g23 - g22gi3) 

B4s = Gj'^Bis{gi2g24 - 522514) 

B56 = 0, 



(66) 



(67) 



where 



B 
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-B 



XI X4 



and 
with 



"2^1'^ A1COSX1COSX3, Bie 



G= (1 + 72A)-i 



A = 511522 - 5i2 = f'^ sin^ " cos^ xi sin^ Xi sin^ X3- 
Looking at (9) we see that 

F2 = F2 = dA = 0, F4 = 0. 



-^X3X4 = - g sin^ xi sin X3 (68) 



(69) 
(70) 
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Then the hfting of the metric to eleven dimensions with ^ = is given by: 

= G^/^ [dsli + 'y'^e-'^/^'^{detE{4, 5, 6 | 4, 5, 6)#i + detE{3, 5, 6 | 4, 5, 6)#2#3 
+ detE{3, 5, 6 I 3, 5, 6)#i + A((-l + r^)dt^ + -^-^ + r^da^ + sin^ adO'^) 

+ (^555 + Bl^922)dXl + (^566 + ^16522)c?xi + {^95& + -815-816522)^X1^X3} 

- 7e~^/^'^{(5fi2cix4 + fl'22#i+5'32#2 + 5'42#3)(-Bi5cixi + -816^X3)}], (71) 

where we have used g^,^ = = Gg^,,y + (1 - G)g^y = Gg^y + j'^AGg^^,, H,v & {r, t, 9, a}. 
The metric components can be read from (65). 

Meanwhile, the only contribution to the deformed 4-form field in eleven dimensions comes from 
the deformed B-field in ten dimensions and is given by: 

h = d{BAdx2) (72) 
= d[Gsin^xi(- 2^08X3 008X1^X1 - - sinxi sinx3C^X3) A dx2 A dx4 
+7GA(d<^i + cos^ 9d(l)2 + cos 26'#3)] A dx2 A dx4 

One can check by explicit computation that if we interchange x'^, that is, if we set 

= <pi,x^ = X4jX^ = 02, = (t>3,x^ = Xi;^^ = X35 the eleven dimensional deformed metric 
and the deformed four form field will be the same except for the fact that the 7 corrections will 
have an overall —1 factor. On the other hand, if we start by reducing along X4 and label the 
coordinates of the background matrix such that a;-*- = ^i , = X2 we again obtain the deformed 

metric (71) and the deformed F4 (72), whereas switching x^ with brings an overall -1 factor 
to the 7 corrections. 

Now let us consider the case of dimensional reduction along the isometry direction from AdS^, 
i.e. ^i. This choice generates no B-field in 10 dimensions: 

F4 = F4, B = 0. (73) 

After reduction along (pi we obtain the ten dimensional metric as 

1 (ir^ 

dslo , = -(1 + r^)dt^ + 2 + r^dn^ + ^^4, (74) 



r sin a 1 + r 

where is given in (48) and 

^^4 = da^ + sin^ adO^ + (cos^ " + ^ " ^^^^ 26*) #2 

+(cos^ a + sin^ a sin^ 2e)d(pl + 2(- cos^ a + ^ sin^ a sin^ 261)^02^03. (75) 

Note that we have e^/^"^ = sin^ a and A = cos^ 0cZ02 + cos 20d03. Now we T-dualize along the 
remaining two isometries: X2 and X4- Because these two coordinates do not mix with any other 
direction in the metric, the background matrix (1) is only 2x2: 

_ . / cos^ Xi \ 

E = rsma 0-2 -2 • (76) 
I sin^xiSin^X3 / 
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Acting on this background matrix with the T-duahty matrix (2) with d = 2 we obtain the 
deformed fields in ten dimensions: 



X2X4 



o o 

7Gr sin a cos Xi sin Xi sin X3) 



(77) 



where 



/ii22-2 -2 2 -2 \-l /i , 2a\-1 

G = (1 + 7 r sm asm xi cos Xi sm xaj =(l + 7Aj 



(78) 



We have a novelty in lifting this ten dimensional deformed metric back to eleven dimensions. 
One can see from (9) that in this case the two form F2 has a nontrivial transformation and 
lifting the 10 dimensional deformed metric to eleven dimensions one has to use the deformed 
one-form A. 



F2 = F2- 7^X2^X4^4 

= sin 29{d(j)2 A d9 + 2d(f>3 A d6) + 7 cos xi sin^ Xi sin Xs^^Xi dxs, 
F4 = F4 + F2A B. 



(79) 



In a suitable gauge consistent with the choice we made in (64), the deformed one- form A to be 
used in lifting the ten dimensional deformed metric is 



A = cos 
= A + -iA. 
Then we get 



2 Q^j,^ ^ 2ed(j)2, + 7(^ sin^ xi sinx3C?X3 + ^ cos xi sin^ Xi cos Xa^^Xi) 



(80) 



where we have used G ^ 



e-2/30rf5?o + e4/3'^(#i + i)2 

gV3[(i + ^2^)e-2/3'^d4 + e^/3'^(#i +A + ^Af] 

1 + 7^A. Also using 

dsfo = dsl^ - i'^H9x2X2dxl + 9x4X4^x1) 



(81) 
(82) 



we find 



G^/'[di 
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+ e 



-2/3^72A(ds2o - 5X2X2^^X1 - 9x4X4dxD 



+e^/3V^' + e^/=^^(rfc^i + A)^] 



(83) 



Reading A and A from (80) and using e^/"^"^ = sin^ a one finds that the metric in (83) is 
exactly the same as the metric in (71). Here too, changing the order of X2 and X4 brings an 
overall -1 sign to A (as the two contractions i^^ and i^^ anticommute) and hence an overall -1 
sign to the 7 correction to the eleven dimensional metric in (83). The deformed 4- form field in 
11-dimensions can be found from (14) 

F4 = F4 + dB A {d(t)i + A) (84) 
= F4 + jd[GA{d(f>i + cos^ ed(f>2 + cos 20d(l)3)] A dx2 A dx4 

+7^d[GA(^ sin^ Xi sin xac^Xa + i cos xi sin^ Xi^^Xi)] A dx2 A dxi 
2 

where we use (77), (79) and (80). It can be shown that (84) is equivalent to (72) by using 
the identity G = 1 — 7^ AG. Again interchanging <r^ brings an overall -1 factor to the 7 
corrections in (84). 
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Therefore, it is still true that once we fix (which, in this case is the {x2,X4:4'i} torus), it 
does not make a difference as to how we choose the reduction and T-duality directions, up to a 
sign in the 7 corrections to the metric and the 4-form field as was observed in [17]. Wc sec from 
the above discussions that the sign is the same as the sign of e^^ ^ , where eX4X2<^i = 1. Note 
that this sign issue in the metric did not arise in the previous subsections, as we had symmetric 
background matrices and hence no 7 corrections in the eleven dimensional deformed metric. 



3 Multiparameter Deformations 



In the previous section, we studied 1-parameter deformations of M-theory backgrounds with 
five commuting isometrics. Our method involved fixing a three dimensional subtorus of the 
5-torus associated with these isometrics. Then we used one of the directions of this 3-torus 
for the reduction and the remaining two for T-dualization. In this section, we will generalize 
our discussion to multiparameter deformations. The most general deformation would have ten 
parameters, which can be obtained by performing our method ten times subsequently, by using 
' 5 ' 
^ 3 ^ 

deformation can be obtained by fixing the reduction direction, say z, and then applying the 

/ 4 ^ 

T-duality transformation via the matrix (2), 



the 



= 10 possible 3-tori embedded in the 5-torus. A less complicated, 6-parameter 



6 times. As we have seen, once the 3- 



torus is decided, it does not make a difference as to which direction is chosen for the reduction. 
Therefore, the 6-parameter deformation obtained this way would be equivalent to a deformation 
by using the 6 possible 3-tori with coordinates {z,x^,x^}, where x^,x^ arc chosen from the 4 
remaining isometrics of T^. The six consecutive T-duality transformations in ten dimensions 
can still be obtained by the action of a single 0(4, 4) matrix T defined as [4]: 



T = Ti.T2.n.T4.n.TQ 



where each Tj. is an 0(4, 4) matrix of the form 



with 





l,---,6 



(85) 



(86) 








-73 





\ 




73 

























V 











0/ 



/ 72 \ 



-72 

\ y 



/ 











\ 








-71 










71 










Vo 











/ 



(87) 



r4 = 



/ 
000 
000 
V 74 



-74 \ 









r. = 



/o 











\ 

75 




V -75 / 



rfi = 



/ 

000 

-76 

V 76 



(88) 



Prom (85) it is easy to see that T = ri-l-r2-t-r3-|-r4-|-r5-|-r6. Setting 71 = 72 = 74 = 75 = 76 = 0, 
T given in (85) becomes equal to the T-duality matrix in (2) that we used for the one-parameter 
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deformation with 7 = 73. Instead of giving the results for a 6-parameter deformation, we 
will make a further simplification and set 74 = 75 = 76 = 0, that is, we will not involve the 
isometry corresponding to the shift of the coordinate in the deformation process. This is a 
sensible choice to make, as one of the isometries in the original eleven dimensional background 
will always be associated with the R-symmetry on the field theory side ^. Let us remind that, 
strictly speaking does not have to be a U{1) direction, since we are not using it for deformation 
process. With this the matrix T becomes 



Ti + + Fa 



V 





73 

-72 




-73 


71 




72 

-71 





\ 




/ 



(89) 



This choice corresponds to performing 3 successive 0(2, 2) T-duality transformations in D = 10 
using the isometry directions {x^, x^}, {x^, x^} and {x^,x^} with parameters 73,72,71 respec- 
tively. Each 0(2, 2) leads to a LM deformation. 

We again assume that F4 has at most one leg along the torus directions which are decoupled 
from the rest of the geometry. With these assumptions the background matrix £' in D = 10 (1) 
becomes symmetric. Now we reduce along one of the coordinates which we have named = z 
and deform the resulting ten dimensional metric in the string frame using (85) on E. From the 
transformation rules (5) and (4) we find: 



9ab 
544 



=20 



where G = det{TE + 1) 



G[gab + la7b detg{A \ 4)], a, 6 = 1,2, 3 

G[9a4+ E i-l)''^' lalb detgib \ 4)], a =1,2,3 
6=1,2,3 

G[gu+ E i-^r^' la^bdetgia\b)] 

a,fe=l,2,3 

Ge^' J2 E {-ir^'7adetg{k,l\a,A) 

A;,Z=1, 2,3,4; k,ljti,j; k^l a=l,2,3 

-1 is 

G = [l+ E i-ir^' lalbdetg{4,a\bA)]-^. 

a,6=l,2,3 



(90) 



(91) 



In order to lift this deformed ten dimensional metric back to eleven dimensions we go through 
the same steps as in the previous section and derive 



dsii 



G'^'^g^^dx^dx"" + G^/^gmndx^'dx'' (92) 
+^2/3 [^^^^ ^gi^(4 I 4)dx''dx'' + (-1)''+^ 7a76 detg{b \ 4)dx"dx^ 

a,6=l,2,3 

+(-1)"+^ 7a76 detg{a \ b)dxUx% 



with 



G-' = l+ E i-ir'-'' lalbdetg{4,a\b,4). 
0,6=1,2,3 



(93) 



®In all but one of the examples below we will omit the isometry that corresponds to the R-symmetry, so that 
the supersymmetry is not lost. However, in 2 or 3-parameter /3 deformations cases we will be forced to involve 
this isometry. Then, the unused isometry will be the one coming from the AdS part of the geometry. 
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Here g is the 5x5 torus matrix with entries Qmn- 

On the other hand, the Ramond-Ramond fields in the deformed ten dimensional geometry can 
be found via the action on (7) of the operator T (6) which takes the form 

T = 1 - ^e«^^ 7c iaib (94) 

for r in (89). Here e^^^ = 1. Finding the deformed 4- form field and lifting it to eleven dimensions 
with the B-field in the deformed geometry we find 

Fi = ^4 - ^e"^^ 7c ★ii ^4 



3! 



d{G det9iq,r | a A) | , (95) 

q,i'j^m,n,p; q^r 



where e™"'^ = 1 for m < n < p with m,n,p = {1,...,5} and a,b,c = {1,2,3}. Note that in 
deriving (92) and (95) we used {x^,x'^,x^}, {x^,x^,x^} and {x'^,x^,x^} tori with deformation 
parameters 73, 72 and 71 respectively. 

Let us note that when 72 = 7i = then formulas (92), (95) and (91) reduce to our single 
parameter results (29), (25) and (19) with 73 = 7. When only one of the 7^ = wc have a 
2-parameter deformation. Finally we would like to point out that our formulas arc still true if 
the x'^ coordinate is not a U{1) direction but just a coordinate that mixes with {x^,x'^,x^, x^}. If 
in the given background there is no such mixing or if there are only 4 decoupled U{1) directions 
to begin with, it is straightforward to adopt our main formulas (92), (95) and (91). This will 
just be a special case of the above where the 4'th U{1) direction does not couple with others. 
Let g be the 4x4 torus matrix of {x^, x'^,x^,x^}. Then, 

dsfi = G-^/^gf,^dx^dx" + G'^/'^gmndx"'dx" + G^/^ ^ jalb detg dx"" dx'' 

a,&=l,2,3 



F4 = F4-^7c W.*iiF4 + (-l)«+Saci[G E rfetg(9|a) "^-y"'"^^^n 

q^m,n,p 



= 1+ E {-ir-^'lalbdetg{a\b), (96) 

a,fe=l,2,3 

where m,n,p = {1, 2, 3, 5}. 

3.1 Example: AdS4^ x (Sasaki - Einstein)7 (with base S"^ x S^) 

In this section we will apply the method we described above to obtain 3-parameter deformations 
of the background 

AdSA x X7 

where Xj is the seven dimensional Sasaki-Einstein space found recently in [6] with base x S'^. 
The metric and 4-form field are 

dsli = dslas4 + , = 6 vol{AdS^) , (97) 

where yld>S'4 metric is given in (34) and 

dsj^^ = U-'^dp^ + !j{del + smei^d(j)j + de^ + sme2^d(l)l) 

+q{dij + jif + w[da + f{di/;+ji)f (98) 
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Here the radius of the Sasaki-Einstein manifold is taken to be 1. In this case the radius of the 
AdS^ is 1/2 and in writing the above metric we scaled time and radial coordinates with factor 
2. The functions U,LO,f and q are functions of p that are given in [6] and ji = — cos 9\d^\ — 

cos 62d(/)2. 

In addition to the AdS4^ Killing vector d^.^ there arc four more commuting isometrics of Xj with 
Killing vectors 5^2, 9^, 9,/, . The last one corresponds to the R-symmetry U{1) on the field 
theory side. 



3.1.1 P Deformations 

We label the coordinates as = (pi, x'^ = (1)2, x'^ = tp and = X2 and choose a as the 
reduction direction, i.e., z = x^ = a. Setting x^ = X2 guarantees that the deformation in- 
volves no dipole deformation. These correspond to the choice of three 3-tori with coordinates 
{01) </'2, «}, {01) ■0) ck}) {02, ^5 a}, whose deformation parameters are 73,72 and 71, respectively. 
The 5-torus matrix is (sj = sin^j, q = cosOi, i = 1,2) 

( isl + {wf + q)cl (.wf + q)ciC2 -{wf + q)ci -wfcA 

^sl + {wf + q)c^ -{wp + q)c2 -wfc2 

{wf + q) wf ■ (99) 

sin^ Xi 

V • • • . w ) 

Missing entries are filled using the fact that ^ is a symmetric matrix. Evaluating the relevant 
non-zero sub determinants are given in (121). Then using (92) the deformed metric becomes 

dsl, = G-'/'{ds\,s, + U-'dp' + ^{d9l + d9'2)} (100) 

+ G^/''{^{sjd^j + sid0i) + g(dV + ji)' + w[da + f{d^+h)]'} 

4 2 2 

+ GV3 ^g^^'^1^2 |^2^^2 _^ + 72^02)^ + 27i73#idV' + 27273#2#}. 

where 

+ llliP^^qClsl - 7273P^'^Q'C2S?. (101) 

Note that in deriving (100) wc used (92) in which the dx^ terms combine to give the d^i term 
in the AdS^^ metric (34) by using the fact that G~^^^ = G'^^^G~^ . On the other hand from (97) 
we get 

★11F4 = Qvol{X'j) = ^^-^^^^^^dp A dOi A de2 A dtp A dcpi A d02 A da , (102) 
and using (95) we find the deformed 4-form field F4 as 

F4 = F4-(^)^/V'^siS2(ipAd6ii Aci6'2A[7id0i4-72d02 +73C?V'] 
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+ 73<^(G [^-^ {2q{slcl + cfsl) + p^slsl)d(j)i A d(p2 Ada + -p'^uqcisld4>2 Ad-ip Ada 

— -p^coqc2sfd(f)i Adif) Ada + -^p^ojf s\s\d(l)\ A d(f)2 A dtp]) 

— 72ci(G [—-p'^u}qc2sld(pi A d(p2 Ada + -p^uqs\d4)2 A dip A da]) 

+ jid{G l^p'^Loqcisldcpi A d(p2 Ada + ^p'^Loqsld(p2 A dtp A da]). (103) 

Here we used the orientation given in [13] for the volume forms which are fixed by Kilhng 
spinors of X^. Setting 71 = 72 = and 73 = 7 in (100) and (103) we find the result of [13] albeit 
presented in a different way. Note that this is the only /3 deformation for which the R-symmetry 
djp is left untouched. 



3.1.2 Dipole Deformations 

In this case one of the coordinates of the 3-tori used for the deformation should always be 
chosen as the AdS^ isometry direction X2- We ensure that by choosing = z = X2- The 
omitted isometry corresponds to the shift of the R-symmetry direction ip, so we set x'^ = ip. 
Then our 5-torus matrix is obtained from (99) by interchanging the columns and rows in the 
following order: 4 5, 3 4 . 

( ^sl + {wf + q)cl {wf + q)ciC2 -wfci -{wf + q)ci \ 

^sl + {wf+q)4 -wfc2 -{wf + q)c2 



w wf 

{wp + q) 

y . . . . sin^ xi J 



(104) 



Note that we have set x^ = (pi,x^ = (p2,x^ = a.. Therefore the 3-parameter deformation we will 
present here is the one obtained by using the 3-tori {x2-, 4>i-,'p2}-, {X2, (pi-,oi} and {x2-, (p2-,oi}. The 
relevant non-zero subdeterminants are given in (122). So, we see from (92) that the deformed 
metric becomes 

dsl^ = G-^/\ds\^s, - sin2 xidxl + U'^dp^ + ^{dOl + dOl)} (105) 
+ G'l''{^{s\dcPl + sldcPl) + q{dip + ji)2 -I- w[da + f{dip + ji)]^ + sin^ xidxl} 
+ G^/V^ sin2 ^,{jl[^(2q{slcl + c?si) + phlaDda"" + ^p^ufsjsldadiP 
+ \p\q + oof)sjsldip'] 



+ 72[^(29(sici + cjsl) + p'^sjsfjdcpl - ]-p'^ujqc2sld(p2dip + \p'^ujqsldip'^] 



+ 7i [^(2g(s?ci -I- C1S2) + p'^s\sl)d<p\ - '^p'^uqcisldcpidip + ^p'^uqsldip^] 

+ 7i72[^^(2g(s?C2 + cjsl) + p^ slsl)d(pid4>2 - ^p'^ujqcisld(p2dip - ^p^u>qc2sld(pidtp] 

+ lilsi^-^i^lisic^ + C1S2) + p^ s\s^d(f)\da + -^p'^uj f s\s\d(f)\dip — -^p^uqcis^dadip] 



22 



+ 7273[^^(2g(s?C2 + cfsl) + p^slsl)d(j)2da + -p^ufslsld(l)2dtp — -p'^uqc2sldadtlj]}, 

where 

= 1 + sin^ Xibl^[2iq + uf){slcl + c\sl) + p^slsl] + 7||(2gc? + p^.?) 

+ ^l^uj{2qcl + p^s|) - 27i72q'a;ciC2 + 7i73/0^<^/cis| + 7273/9^'^/c2S?]. (106) 

After the deformation the 4-form field can be found using (95) as: 

F4 = F4 + d^i A#Adx2 Ad(G[73det^(2,3 I 3,4) -72det^(2,3 I 2,4)]) 

+ #2 A da A dx2 A d{G [7idei^(l, 4 | 1, 4) - ^2detg{l, 4 | 2, 4) + 73^6*5(1, 4 | 3, 4)]) 

+ d^i A d(t>2 A dx2 ^ d{G[-fidetg{l,4 \ 3, 4) - 72^6*5(2, 4 | 3,4) +73^6^5(3,4 | 3,4)]) 

+ #1 A da A dx2 A d{G [71^6^5(1, 4 | 2, 4) - -f2detg{2, 4 | 2, 4) + 73^6^5(2, 4 | 3, 4)]) 

+ daAd^A dx2 A d{G [-^idetg{l, 2 1 1, 4) - j2detg{l, 2 | 2, 4)]) 

+ d^2 AdV Adx2 Ad(G[7idei5(l,3 I 1,4) +73^6*5(1,3 I 3,4)]). (107) 

where necessary determinants are given in (122). Note that there is no contribution to the above 
from the Hodge dual *ii-F4 since it has no leg in the reduction direction X2- 



3.1.3 Mixed Deformations 

Here we will consider a multiparameter deformation where a combination of dipole and /? de- 
formations are applied. Our choice for the reduction coordinate is z = a;^ = a. We set 
= (pi,x'^ = (j)2,x^ = X2,x'^ = ijj-x^ = a. Therefore the deformation is obtained by using 
the 3-tori {a, ^1,(^2 }, <^i,X2} and {ce,(j}2,X2} and it is a mixed deformation involving two 
dipole and one /? deformation. The R-symmctry direction j/j is not used^. The 5-torus matrix is 
obtained from (104) by interchanging the 3rd and 5th columns and rows: 

.2 



/ ^sj + {wf + q)cl ^ (wf + g)ciC2 -{wf + g)ci -wfcx \ 

^sl + iwf + qy^ -{wp + q)c2 -wfc2 

siv? Xi 

{wf + q) wf 

V ■ • • . w ) 



(108) 



The relevant subdeterminants which are non-zero are given in(123). So, we see from (92) that 
the deformed metric becomes 

dsi^ = G-y^{ds\^s,-r''sin^Xidxl + U-^dp' + ^{del + del)) (109) 

+ G''\^{sld4>\ + sld<g) + q{dij + hf + w[da + /(dV^ + h)f + sin^ xi^xl 
2 

+ '^-^pUuslsld^^} 



^Note that there are two more possibiUties. Had we chosen = a, = 02, a;^ = x^i^'^ = tp,x^ = we 
would have a deformation obtained by using the 3-tori {(j>i, a, 4)2}, {4>i, a, X2} and {(f>i, 4>2,X2}- Similarly choosing 

= (j)i,x^ = a,x^ = X'2,x'^ = ip,x^ = (j)2 would give a deformation obtained by using the 3-tori {</)2, 0i, a}, 
{02,0i,X2} and {02,a,X2}- 
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+ 



+ 



+ 



+ 



+ 



+ 




where 



G 



r-l 



II 2H "J fn / 2 2 , 2 2\| 22 2i, 2-2 t 2^ fn 2, 2 2\ 

= 1 + 73 — [2g(siC2 + C1S2) +p S1S2] + sm Xi[72 2(2^'^i +^ *i) 



+ 7i o^(29'^2 + P^4) - 27i72C?a;ciC2 + 7i73P^'^/ciS2 + 7273P^<^/c2S?]- (HO) 



Using (95) we find the deformed 4-form field F4 as 

+ 73(i(G {2q{s\c^ + c\s\) + p^slsl)d(j)i A o?02 A da + -p^a;gcisid(/)2 A dtp Ada 

- -p^ujqc2s\d(j)\ A dtp Ada + -p^w/sf s|c?^i A dcf)2 A dtp]) 
+ dcpi A dtp A dx2 A d(G [72^6*5(2, 5 | 2, 4)]) 

- d(j)2 Ada A dx2 A d{G [^idetg{l, 4 | 1, 4) - j2detg{l, 4 | 2, 4)]) 

- A d(p2 A dx2 A d{G [jidetg{l, 4 | 4, 5) - j2detg{2, 4 | 4, 5)]) 
+ A da A dx2 A d(G [71^6*5(1, 4 | 2, 4) - j2detg{2, 4 | 2, 4)]) 

- da A dtp A dx2 A d{G [yidetg{l, 2 | 1, 4) - j2detg{l, 2 | 2, 4)]) 

- d(/)2 A#Adx2 Ad(G[7idet5(l,5 I 1,4)]), (111) 

where necessary subdeterminant are given in (123). When 71 = 72 = the metric (109) and 
the 4-form (111) of the mixed deformation reduce to those of a single-parameter /3 deformation 
(100) and (103) as expected. Similarly, when 73 = the above metric reduces to the metric of 
2-parameter dipole deformation (105) as it should. However, in this case single 71 and 72 terms 
in (107) and (111) have opposite signs. By sending 71^2 — —71,2 in one of them, they become 
equal. This is not a surprise, since we are using different orientations for the corresponding 
5-tori. In the mixed deformation our order of torus directions is {(pi, (p2, X2,i^, ct} whereas in the 
dipole deformation it is {4>i, 02, ip, X2} and we have e™'"^' = 1 for m < n < p. 

4 Conclusions and Discussions 

The main results of this paper are equations (25), (29), (92) and (95), along with (30) and 
(93). These reduce the problem of finding one or multiparameter deformations of a D = 11 
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supergravity background to a simple calculation of some subdeterminants. They can be applied 
to any 11-dimensional background with 5 C/(l) isometries, whose 4-form field has at most one leg 
along these. Our method works irrespective of how the 5-torus lies in the geometry. However, the 
torus coordinates should not mix with the others. These conditions are not very restrictive, as 
they are met by many frequently used M-theory solutions. Moreover, our results can be adopted 
easily to backgrounds with only four or three U{1) directions, as we showed in (31), (32) and 
(96). We also explained in section 2.3, through a specific example, how our method is modified, 
when the condition on the 4-form field is violated. Naturally, our results can be applied to many 
other interesting backgrounds. For instance, the dipole or multiparameter deformations of the 
solutions considered in [12, 13] can be obtained easily. We hope that our formulas will be useful 
in the construction of such new examples, especially for multiparameter deformations. 

Although our method works for any M-theory background with 5 U{1) isometries we demon- 
strated our results with backgrounds of the form AdS/^ x Mj or AdSi x M4, as they are of 
obvious interest for the AdS/CFT correspondence. In the first case, the dual field theory can 
be regarded as a three dimensional field theory arising on the world-volume of coincident M2 
branes, or more appropriately, as the IR limit of the field theory on the world- volume of coin- 
cident D2 branes, from the IIA perspective. The Sasaki-Einstein manifolds wc consider in this 
paper have two Killing spinors, and hence the dual field theory is an J\f=2 super symmetric field 
theory. They have large isometry groups {SU{2) x SU{2) x C/(l)^ for the one with the base 
5^ X S'^ and SU{?>) x U{lY when the base is CP^), which correspond to the global symmetries 
of the dual field theory. In each case, the Killing spinors transform as a 2 of one U{1) factor^ 
of the isometry group and this corresponds, on the field theory side, to the U{1) R-symmetry, 
which acts on the supercharges. Therefore, we expect that the dual field theory remains J\f=2 
supersymmetric, as long as this particular U{1) (whose corresponding Killing vector is the Reeb 
vector) is not involved in the deformation process, which was verified explicitly for our one pa- 
rameter P deformation case in [13]. Hence, we expect our examples in sections 2.1 and 3.1 to 
preserve J\f=2 supersymmetry except the 3-parameter /3 deformation case discussed in section 
3.1.1. This last one should break supersymmetry completely, as any sjmimetry that leaves one 
of the Killing spinors invariant should also leave the other invariant (for a general argTimcnt, 
see [13]). For the AdSy x case the dual theory is a six dimensional A''=(2,0) supersymmetric 
CFT [20]. We expect supersymmetry to be preserved in our noncommutative deformation since 
the SO{5) R-symmetry remains intact, whereas it should be broken in dipole deformations. 

An important problem here is to identify the marginal operators (for the /? deformations) on the 
field theory side, that corresponds to our deformations. Let us recall the AdS^ x example, 
whose dual field theory is d = 4, AA=4 supersymmetric Yang-Mills theory. Here, choosing all the 
deformation directions from the AdS^ part corresponds to a noncommutative deformation on 
the field theory side, whereas choosing one direction from the AdSr, and one from the results 
in a dipole deformation. Making analogy with the noncommutative case, Lunin and Maldacena 
showed that, choosing both C/(l)'s from the part should give the duals of (3 deformations of 
the A^=4 theory. The effect in the Lagrangian is to modify the product of fields charged under 
the global U{l)xU{l), just like the noncommutative deformations modify the ordinary product 
to a star product. This introduces phases in the Lagrangian that depend on the deformation 
parameter (and all three parameters for the 3-parameter case, see [19]). This argument does 
not carry over directly to the 3 dimensional CFTs [13], that arise as duals of the AdS4 x M7 
backgrounds, although some steps have been taken in this direction [30]. An alternative way 
to find the marginal operators for the dual field theory is to notice that the deformation, for 

^Here we identify U{1) ~ SO{2). 
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small values of the deformation parameter, corresponds to turning on a massless mode in the 
Kaluza-Klein spectrum of the undeformed background. Then the dual operator should be of 
dimension d, where d = A for the AdS^^ case and d = 2> for the AdS4,. Combining this with the 
fact that it has to belong to a short-multiplct and break the global symmetry group to U{1)^ 
(which is because the isometry group is broken to U{\f' on the gravity side), one can identify 
the marginal operator in question. In this way, Lunin and Maldacena determined the marginal 
operator, which should correspond to the j3 deformation of AdS/i^S'^ [1]. Similarly, [13] proposed 
the operators corresponding to the deformations of the Sasaki-Einstein manifolds M(3, 2) and 
(5(1, 1, 1). These two Sasaki-Einstein manifolds are special in that they have proposals for their 
field theory duals [31]. We expect that similar arguments can be made for the Sasaki-Einstein 
manifolds wc consider here, once their field theory duals (before deformation) is understood 
better. Recently, there have been important developments in this direction [32]. The duals 
of the mixed deformations would be especially interesting to study, since they have not been 
analyzed before elsewhere. 

There are two straightforward generalizations of our results. One is to consider geometries 
with more than five decoupled U{1) directions or allow some coordinates to mix with these five 
?7(l)'s. Another is to construct deformations with more than 3 parameters. Actually, as we saw 
when the number of U{1) directions is n, there can be n!/6(n — 3)! parameters. Sometimes one 
can have even supersymmetric deformations with more than 3 parameters. For example, in the 
mixed deformation case above, it is possible to have a 4-parameter deformation without using 
the R-symmetry direction. 

It would also be interesting to study giant gravitons [33] on our new backgrounds. Giants on 
10-dimensional (5 deformed solutions were analyzed in [34, 35, 36, 37]. It is desirable to extend 
these to D = 11 and to other types of deformations, which we aim to study in the near future. 
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Here we will prove the equivalence of (24) and (25). First let us compare the second terms by 
using the following fact: If we make a dimensional reduction from (D -|- 1) to D dimensions by 
using the ansatz 



A Proof I 




*(D+i)^n = e[(^-2")-+/51^(-l)-*^X„A(d2 + ^), 
*(D+i)[^nA(dz + A)] = e[(^-2-)"-/3]'^*^X„, 



(112) 
(113) 
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where *(d+i) and *d denote the Hodge duals taken in Z) + 1 and D dimensions, respectively. 
In our case D = 10, n = 4, « = —1/3 and (3 = 2/3. Therefore, we have 

MiF4 = noFA/\{dz + A). 

As a result we see that 

^d/dz *ii -^4 = *10-^4- 

On the other hand, it easily follows from (113) that iq/Qz *ii [-^3 ^ {dz + A)] = 0. Thus, 

id/dz Ml Fa = id/dz Mi [F4 + F3 A {dz + A)\ = ★lo-Ri- 
This shows the equality of the second terms in (24) and (25). 

Now we compare the third terms of (24) and (25). There are 10 terms to be compared. The 
equality of the coefficients of the 6 of these terms which are of the form dxi A dxj A dz is obvious. 
From (24) we see that the coefficients are dBij and reading these terms from (17) we can directly 
observe the equality. Now let us look at the coefficients of the dx\ Adx2 Adx^ terms. Prom (17), 
(24) and (28) we read the coefficient as 

-fG[detg{3,4: \ 3,4:)A3 - detg{2,4: \ 3,4)^2 + ^6*5(1,4 | 3,4)y4i]. (114) 

Using the fact that Ai = (jiz/gzz (this can be seen directly from (11)) one can make the following 
observation: If we subtracted from (114) the term 'jG[detg{3, 4: \ z,4)] then the result would be 
7G times the determinant of a new matrix, say K, obtained from ^(4 | 3) by replacing its third 
row by the row {gu/gzz, g2z/gzz, gsz/gzz, !}■ It is easy to see that detK = as its third row is a 
1/gzz multiple of its fourth row. Therefore we conclude that (114) is equal to ^G{detg{3, 4 | z, 4)), 
which is exactly the term that is given by the third term in the formula (25). 

One can also show that the coefficients of the terms dxi A dx2 A dx^, dxi A dx-^ A dx^ and 
dx2 A dxs A dx4 which are read from (24) and (25) are equal by using arguments similar to the 
above. 



B Proof II 



Here we will prove equation (28). To do this we define a new matrix g' as the 5x5 matrix 
with entries {g% = e-^/^'^{g)y = {g^zT^^'^igh, {g')i5 = {g'h. = 0, i,j = 1,2,3,4 and 



,4/30 



gzz- This new matrix g' and the original 5x5 matrix g with entries {g)ab 



(ff')55 = 

gab, a,b = 1, 2, 3, 4, z are related under the following transformation 

g' S, 



9 



where 



1 









1 



A2 






1 


^3 







1 

Aa 



\ 





1 / 



(115) 



(116) 



where A^ are the functions appearing in A = Aidx^, i = 1,2, 3, 4. This can be seen directly from 
(11). Therefore, det{g) = det{S)^det{g') = det{g'). Similarly one can show that 

g{i\3) = S^{j\j)g'{i\j)S{i\i), (117) 
g{i,j\k,l) = S^ik,l\k,l) g'{i,j\k,l) S{i,j\i,j), (118) 
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which imphes 

detg{i \ j) = detg'{i \ j), detg{i,j \k,l) = detg'{i,j \ k, I). (119) 

On the other hand, from the the way we have defined the matrix g' (115) we see that 

detg'{i\j) = gzz{gzzy^''^detg{i \ j) = {g^^y^^'^detgii \ j) , 
detg'{i,j \k,l) = gzz{gzz)~^detg{i,j \k,l) = detg{i,j \ k,l), (120) 

where we have used e^^/^*^ = {gzz)~^^'^ and g'{i \ j) and g'{i,j \ k, I) are 3x3 and 2x2 matrices, 
respectively. (119) and (120) together prove (28). 

C Subdeterminants 



The relevant non-zero subdeterminants of the matrix (99) are: 
detg{4 \ 4) 



detg{3 \ 3 
detg{2 \ 2 
detg{l I 1 
detg{l I 3 
detg{2 \ 3 



detg{3, 4 
detg{2, 4 
detg{l,4 
detg{l,4 
detg{2,A 
detg{4, 5 



3,4 
2,4 
1,4 
3,4 
3,4 
3,4 



4 2 2 



^p^r'^LV sin^ xi [2i?(s?c| + slcj) 

1 2 2 -2 2 

-p r uqsm xi^i 

1 2 2 -2 2 

-p r ivqsm X1S2 

1 2 2 -2 2 

-p r ujqsm X1C1S2 



[2q{si4 + cfsi) + p'sisi 



i 2 2 

-p uqsi 
1 2 2 

\p^uqcisl 



-p^ujqc2sl 



= -p^ujs\s\. 



2 2 2i 



(121) 



The relevant non-zero subdeterminants of the matrix (104) are: 



detg{4 \ 4) 
dei5(3 I 3) 
detgi^ I 2) 



1 



sin^ XiP^<^[29(s?ci -|- cfsl) -|- p^s?si] 

2-2 4/ , x2\ 2 2 



2-2 2 2 

r sm xiP t^^Q'Si 



28 



detg{l I 1 
detg{l I 4 
detg{2 \ 4 
detg{3 \ 4 



detg{3, 4 

dei5(2, 4 

detg{l,4 

detg{l,4 

detg{2, 4 
(iet5(l,4 
detg{l, 3 

dei5(2, 3 

(iei5(l, 2 
(iei5(l, 2 

dei9(2, 3 
detg{l, 3 



3,4 
2,4 
1,4 

3,4; 

3,4 

2,4; 
3,4; 

3,4 

2,4 
1,4 

2,4 
1,4 



- 2-2 2 2 

-r sm xiP ^1^2 



J- 2 • 2 2 2 

--r sm xiP t^9CiS2 

1 2 ■ 2 2 2 

-r sm xiP i^qc2Si 
-r sin xiP t^/siS2 

^r^ sin^ xip'[2(g + c^/')(s?ci + clsj) + phjsl] 
^r^ sin^ xM^qcj + p'^sj) 
^r^ sin^ Xiu}{2qcl + p^sl) 

1 2 • 2 2 /• 2 

--r sm xiP ^fc2Si 
sin^ Xi<?'^ciC2 

1 2 ■ 2 2/ , f2\ 2 

-r sm x\P {q + ^^f )ciS2 

1 2 • 2 2/ I j-2\ 2 

--r sm xiP {q + ^f )c2Si 

2 • 2 

r sm xiq^ci 
sin^ XiQ''^C2 

^r^ sin^ Xip^ujfsl 

1 2 • 2 2 c 2 

-r sm xiP '^/S2- 



(122) 



The relevant non-zero subdeterminants of the matrix (108) are: 



detg{A \ 4) 
detg{3 \ 3) 
detg{2 \ 2) 
detg{l I 1) 
dei5(l I 4) 
detg{2 \ 4) 
detg{3,4 \ 3,4) 
det3(2,4l2,4) 
dei5(l,4| 1,4) 



P^„2 -2 



sin2 xi[29(s?ci + cfs^) + p^sfsi] 



-"-4 2 2 

-p qu}SiS2 

1 2 • 2 2 2 

-r sm xiP ^^9^1 

1 2 • 2 2 2 

-r sm xiP ^qs2 
-^r^ sin^ XiP^t^^cisi 

1 2 • 2 2 2 

-r sm xiP wgc2Si 
^[2q{sl4+4sl)+phlsl] 
^r^sin^Xi'^(2(?Ci + p^sj) 
^r^ sin^ Xiuj{2qcl + p^s^) 



29 



detg{l,A 
detg{l, 3 



2,4 



sin^ Xi9'^ciC2 

In n 




3,4; 



detg{2,3 

detg{l,2 
detg{l,2 

detg{4:, 5 



3,4; 



2,4 



1,4 



1,4 



--p quc2Si 

2 • 2 

r sin Xiga;ci 

2 • 2 

r sin xiga;c2 



detg{2,5 



detg{3, 5 



detg{l, 5 



(iei5(4, 5 



2,4; 



2,4 



3,4; 



1,4 




(123) 
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